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Abstract
Let q be a prime power, let Fq be the finite field with q elements and let
d1, . . . , dk be positive integers. In this note we explore the number of solutions
(z1, . . . , zk) ∈ F
k
q of the equation
L1(x1) + · · ·+ Lk(xk) = b,
with the restrictions zi ∈ Fqdi , where each Li(x) is a non zero polynomial of
the form
∑mi
j=0 aijx
qj ∈ Fq[x] and b ∈ Fq. We characterize the elements b for
which the equation above has a solution and, in affirmative case, we determine
the exact number of solutions. As an application of our main result, we obtain
the cardinality of the sumset
k∑
i=1
Fqdi := {α1 + · · ·+ αk |αi ∈ Fqdi}.
Our approach also allows us to solve another interesting problem, regarding the
existence and number of elements in Fqn with prescribed traces over intermediate
Fq-extensions of Fqn .
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1. Introduction
Given an abelian group (G,+), a major problem in additive combinatorics is
to study sumsets A1+· · ·+Ak := {a1+· · ·+ak : ai ∈ Ak, 1 ≤ i ≤ s} ⊆ G, where
eachAi is a nonempty subset ofG. Classical questions include the cardinality (or
density if G is infinite countable) of sumsets and a detailed description of their
elements. Problems on sumsets relate to many areas such as Combinatorics,
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Number theory and Algebra. Traditional techniques include, but are not limited
to, discrete Fourier analysis, exponential sums, Graph Theory and elementary
Number Theory. See [4] for a rich source of classical problems, techniques and
results in additive combinatorics and [3] for a survey on results in the finite field
setting.
In this paper we are interested in special sumsets over finite fields from
linearized polynomials. More specifically, given the finite field Fq of q elements
and d1, . . . , dk positive integers, we study the sumset
L1(Fqd1 ) + · · ·+ Lk(Fqdk ) := {L1(a1) + · · ·+ Lk(ak) | ai ∈ Fqdi , 1 ≤ i ≤ s},
where each Li(x) is a non zero polynomial of the form
∑mi
j=0 aijx
qj ∈ Fq[x]. We
actually go a little bit further. If Fq is the algebraic closure of Fq and b ∈ Fq,
we study the number of solutions (z1, . . . , zk) ∈ F
k
q of the equation
L1(x1) + · · ·+ Lk(xk) = b, (1.1)
with the restrictions zi ∈ Fqdi . Of course, the corresponding sumset comprise
the elements b ∈ Fq for which Eq. (1.1) has a positive number of solutions.
The main result of this paper provides a criterion for when a generic b ∈
Fq yields a solution of Eq. (1.1) with the aforementioned restrictions and, in
affirmative case, we determine the exact number of solutions. We observe that,
if for a polynomial g ∈ Fq[x] with g(x) =
∑m
i=0 aix
i we set Lg(x) =
∑m
i=0 aix
qi ,
then each Li in Eq. (1.1) is written uniquely as Lfi for some nonzero fi ∈ Fq[x].
With this observation, our main result can be stated as follows.
Theorem 1.1. Fix f1, . . . , fk ∈ Fq[x] non zero polynomials, d1, . . . , dk positive
integers and b ∈ Fq. Let ℓ be any positive integer that is divisible by the numbers
d1, . . . , dk, set Gℓ(x) = gcd
(
xℓ − 1, f1(x)(x
ℓ−1)
xd1−1
, . . . ,
fk(x)(x
ℓ−1)
xdk−1
)
and Hℓ(x) =
xℓ−1
Gℓ(x)
. For a polynomial f ∈ Fq[x] with f(x) =
∑m
i=0 aix
i, write Lf(x) =∑m
i=0 aix
qi . Then the equation
Lf1(x1) + · · ·+ Lfk(xk) = b,
has a solution (z1, . . . , zk) ∈ F
k
q with the restrictions zi ∈ Fqdi if and only if
LHℓ(b) = 0.
In this case, the number of such solutions equals qd1+···+dk−deg(Hℓ(x)).
Theorem 1.1 entails the following result in sumsets of finite fields.
Corollary 1.2. Fix k > 1 and d1, . . . , dk positive integers. The number of
solutions of
x1 + · · ·+ xk = 0,
2
with the restrictions xi ∈ Fqdi equals q
d1+···+dk−λ(d1,...,dk), where
λ(d1, . . . , dk) :=
k∑
i=1
di +
k∑
j=2
(−1)j+1
∑
1≤i1<···<ij≤k
gcd(di1 , . . . , dij ).
In particular, the sumset
∑k
i=1 Fqdi := {α1 + · · · + αk |αi ∈ Fqdi } contains
exactly qλ(d1,...,dk) elements.
In contrast to many sophisticated techniques that are traditionally employed
when studying sumsets, our setting allows us to employ a very elementary ap-
proach. Our method relies on considering the generating property of normal ele-
ments over finite fields, the linear structure of linearized polynomials
∑m
j=0 ajx
qj
and the arithmetic of the polynomial ring Fq[x]. This approach also allows us to
obtain results on the existence and number of elements in finite field extensions
with prescribed traces over intermediate extensions.
The structure of the paper is given as follows. Section 2 provides some
definitions and preliminary results that are used along the way and in Section 3
we prove Theorem 1.1. Finally, in Section 4 we discuss the existence of elements
in finite field extensions with several prescribed traces.
2. Preparation
Throughout this paper, q is a prime power, Fq is the finite field with q
elements and Fq is the algebraic closure of Fq. We recall useful definitions in
the theory of finite fields and provide some technical results that are frequently
employed. For a more detailed information on these definitions and results, see
Sections 2.3 and 3.4 of [1].
Definition 2.1. 1. For a polynomial f ∈ Fq[x] with f(x) =
∑m
i=0 aix
i, the
polynomial Lf (x) :=
∑m
i=0 aix
qi is the q-associate of f(x).
2. Fix n a positive integer. An element β ∈ Fqn is normal over Fq if the
elements β, βq, . . . , βq
n−1
form a basis for Fqn as an Fq-vector space.
The existence of normal elements is known for any extension Fqn of Fq. The
following lemma provides some basic properties of the q-associate of polynomials
over Fq. Its proof is straightforward so we omit details.
Lemma 2.2. For any f, g ∈ Fq[x], we have that Lf+g(x) = Lf(x) +Lg(x) and
Lf(Lg(x)) = Lf ·g(x). In particular, if f divides g, then Lf divides Lg.
We emphasize that Lemma 2.2 is frequently used along the way. Let C(n) be
the set of polynomials over Fq that are either constant or have degree at most
n−1. We observe that C(n) is an n-dimensional Fq-vector space and can be seen
as the simplest presentation of the quotient ring
Fq[x]
xn−1 ; this fact is extensively
employed. Normal elements can be used to generate finite fields using the sets
C(n), as follows.
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Lemma 2.3. Fix n a positive integer and β ∈ Fqn a normal element. Then
any α ∈ Fqn is written uniquely as Lf (β) for some f ∈ C(n).
Proof. This follows directly by the fact that {β, βq, . . . , βq
n−1
} is an Fq-basis for
Fqn .
We observe that, for α ∈ Fq, Lxn−1(α) = 0 if and only if α
qn − α = 0, i.e.,
α ∈ Fqn . In particular, from Lemma 2.2, the set Iα := {h ∈ Fq[x] |Lh(α) = 0}
is a non zero ideal of Fq[x]. Since Fq[x] is a Principal Ideal Domain, Iα is
generated by a monic polynomial, uniquely determined by α.
Definition 2.4. For α ∈ Fq, let mα,q ∈ Fq[x] be the monic polynomial that
generates the ideal Iα.
In particular, from the definition of mα,q(x), α ∈ Fqn if and only if mα,q(x)
divides xn − 1. From this observation and Lemma 2.3, the following corollary
is straightforward.
Corollary 2.5. An element β ∈ Fqn is normal over Fq if and only if mβ,q(x) =
xn − 1.
The following lemma relates the polynomials mα,q and mβ,q, where α is the
image of β by a linearized polynomial.
Lemma 2.6. Let β ∈ Fq and fix g ∈ Fq[x]. If α = Lg(β), then
mα,q =
mβ,q
gcd(mβ,q, g)
.
Proof. Set h =
mβ,q
gcd(mβ,q,g)
, hence g · h is divisible by mβ,q. Therefore, Lh(α) =
Lg·h(β) = 0 and so mα,q divides h. If it divides strictly, there exists a nontrivial
divisor f of h such that L h
f
(α) = 0, hence LH(β) = 0, where H =
gh
f . In
particular, mβ,q divides H or, equivalently, f divides
g
gcd(mβ,q,g)
. However, from
construction, the polynomials ggcd(mβ,q,g) and h are relatively prime and so they
cannot have f as a common divisor.
From Lemmas 2.6 and 2.3, we obtain the following corollary.
Corollary 2.7. Fix n a positive integer, m a divisor of n and β ∈ Fqn a normal
element. Then the elements of Fqm are written uniquely as L xn−1
xm−1 ·h(x)
(β) with
h ∈ C(m).
Proof. Fix α ∈ Fqm . From Lemma 2.3, there exists a unique H ∈ C(n) such
that α = LH(β). Since β is normal, mβ,q(x) = x
n − 1. From Lemma 2.6,
mα,q(x) =
xn−1
gcd(xn−1,H(x)) . But α ∈ Fqm , hence mα,q(x) divides x
m − 1, i.e.,
gcd(xn − 1, H(x)) is divisible by x
n−1
xm−1 . The latter implies that H(x) =
xn−1
xm−1 ·
h(x) for some h ∈ Fq[x]. Since H is unique and H ∈ C(n), we have that h is
unique and h ∈ C(m).
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The following theorem provides the main auxiliary result of this paper.
Theorem 2.8. Fix n a positive integer, f ∈ Fq[x] a divisor of x
n−1 and α ∈ Fq.
If β ∈ Fqn is a normal element, then there exists a polynomial g ∈ Fq[x] such that
Lf ·g(β) = α if and only if mα,q(x) divides
xn−1
f(x) or, equivalently, L x
n
−1
f(x)
(α) = 0.
Proof. The “only if part” follows directly from Lemma 2.6. For the “if” part,
suppose that mα,q(x) divides ℓ(x) =
xn−1
f(x) and fix β ∈ Fqn a normal element.
From Lemma 2.3, there exists F ∈ C(n) such that α = LF (β) and, from
Lemma 2.6, mα,q(x) =
xn−1
gcd(xn−1,F (x)) . Therefore, f(x) divides gcd(x
n−1, F (x)),
i.e., F = fg for some g ∈ Fq[x]. In other words, α = Lf ·g(β).
3. Proof of the main result
Fix b ∈ Fq, d1, . . . , dk positive integers and f1, . . . , fk ∈ Fq[x] non zero
polynomials. Let ℓ > 0 be any integer divisible by d1, . . . , dk and fix β ∈ Fqℓ an
element that is normal over Fq. In particular Fqdi ⊆ Fqℓ for any 1 ≤ i ≤ k. For
each (z1, . . . , zk) ∈
∏k
i=1 Fqdi , Corollary 2.7 entails that there exists a unique
k-tuple (h1, . . . , hk) ∈
∏k
i=1 C(di) such that zi = Lhi(x) x
ℓ
−1
xdi−1
(β). In particular,
if we set ϕβ :
∏k
i=1 Fqdi → Fqℓ with
(z1, . . . , zk) 7→ Lf1(z1) + · · ·+ Lfk(zk),
ϕβ is an Fq-linear map between Fq-vector spaces with image set Sβ = {Lh(β) |h ∈
S}, where
S =
{
k∑
i=1
fi(x)(x
ℓ − 1)
xdi − 1
· hi(x) |hi ∈ C(di)
}
.
Since Lxℓ−1(β) = β
qℓ − β = 0, we have that Sβ = {Lh(β) |h ∈ S
′}, where
S ′ =
{
h(x) · (xℓ − 1) +
k∑
i=1
fi(x)(x
ℓ − 1)
xdi − 1
· hi(x) |h, hi ∈ Fq[x]
}
,
is the ideal of Fq[x] generated by the polynomials
fi(x)(x
ℓ−1)
xdi−1
and the polynomial
xℓ − 1. Since Fq[x] is an Euclidean Domain, the ideal S
′ is generated by the
polynomial
Gℓ(x) = gcd
(
xℓ − 1,
f1(x)(x
ℓ − 1)
xd1 − 1
, . . . ,
fk(x)(x
ℓ − 1)
xdk − 1
)
.
In particular, Sβ = {Lh(β) |h ∈ S
∗}, where
S∗ = {g(x) ·Gℓ(x) | g ∈ C(ℓ− deg(Gℓ(x)))}.
Therefore, the equation
Lf1(x1) + · · ·+ Lfk(xk) = b,
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has a solution (z1, . . . , zk) ∈ F
k
q with the restrictions zi ∈ Fqdi if and only if b is
of the form Lg·Gℓ(β) for some g ∈ Fq[x]. From Theorem 2.8, the later holds if
and only if LHℓ(b) = 0, where Hℓ(x) =
xℓ−1
Gℓ(x)
.
For the number of solutions, we observe that such number coincides with
the number of solutions for b = 0. In this case, we are just looking at the kernel
of ϕβ , which is an Fq-vector space so it suffices to compute its dimension. We
have seen that the image set of ϕβ comprises the roots of LHℓ(y) = 0 that lie
in Fqℓ . Since Hℓ divides x
ℓ − 1, Lemma 2.2 entails that LHℓ(x) divides x
qℓ − x,
a separable polynomial. Therefore, all the qdeg(Hℓ(x)) roots of LHℓ(y) = 0 are
distinct and lie in Fqℓ . In particular, the image set of ϕβ is an Fq-vector space
of dimension deg(Hℓ(x)). The Rank-Nullity Theorem entails that the kernel
of ϕβ is an Fq-vector space with dimension
∑k
i=1 di − deg(Hℓ(x)), hence it has
cardinality qd1+···+dk−deg(Hℓ(x)).
3.1. Proof of Corollary 1.2
Let ℓ be the least common multiple of the numbers d1, . . . , dk. We observe
that Theorem 1.1 applies to Corollary 1.2 by setting fi(x) = 1 ∈ Fq. In partic-
ular, the number of solutions of
x1 + · · ·+ xk = 0, (3.1)
with the restrictions xi ∈ Fqdi equals q
d1+···+dk−deg(Hℓ(x)), where
Hℓ(x) = (x
ℓ−1)·gcd
(
xℓ − 1,
(xℓ − 1)
xd1 − 1
, . . . ,
(xℓ − 1)
xdk − 1
)−1
= lcm(xd1−1, . . . , xdk−1).
We observe that gcd(xa− 1, xb− 1) = xgcd(a,b)− 1 and lcm(xa− 1, xb− 1) =
(xa−1)(xb−1)
gcd(xa−1,xb−1) for any positive integers a, b. By a simple inclusion-exclusion
argument, the latter implies that lcm(xd1 − 1, . . . , xdk − 1) is a polynomial of
degree
λ(d1, . . . , dk) =
k∑
i=1
di +
k∑
j=2
(−1)j+1
∑
1≤i1<···<ij≤k
gcd(di1 , . . . , dij ),
and so the number of solutions of Eq. (3.1) equals qd1+···+dk−λ(d1,...,dk). We
proceed to the formula regarding the cardinality of the sumset
S =
k∑
i=1
Fqdi := {α1 + · · ·+ αk |αi ∈ Fqdi }.
This follows directly from the previous enumeration formula and the Rank-
Nullity Theorem for the Fq-linear map ϕ :
∏k
i=1 Fqi → S given by
(α1, . . . , αk) 7→
k∑
i=1
αi.
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4. On elements with several prescribed traces
In this section, we consider special systems of linear equations over finite
fields involving trace maps. We recall that, for a positive integer n > 1 and a
divisor m < n of n, the trace map Trn/m : Fqn → Fqm is given by
α 7→
n/m−1∑
j=0
αq
mi
= L xn−1
xm−1
(α).
In [2] the authors provide the number of elements in Fqn , not contained in
any intermediate extension Fqd , with prescribed trace a ∈ F
∗
q . Given a k-tuple
(d1, . . . , dk) of distinct divisors of n and (β1, . . . , βk) ∈
∏k
i=1 Fqki , we may ask if
there is any element α ∈ Fqn such that Trn/di(α) = βi. In other words, we are
looking at solutions to the following system of equations:
L xn−1
xdi−1
(x) = βi, 1 ≤ i ≤ k.
It is direct to verify that the trace map is transitive, i.e., Trn/l(x) = Trm/l(Trn/m(x))
whenever m divides n and l divides m. In particular, if the system of equations
has a solution z ∈ Fqn , then
Trdi/ gcd(di,dj)(βi) = Trdj/ gcd(di,dj)(βj), 1 ≤ i, j ≤ k. (4.1)
Therefore, a necessary condition for the system to have a solution is that
Eq. (4.1) holds. In the following theorem, we show that such condition is also
sufficient and we obtain the exactly number of solutions.
Theorem 4.1. Let n > 1 be a positive integer and let d1, . . . , dk be distinct
divisors of n. Fix (β1, . . . , βk) ∈
∏k
i=1 Fqki and consider the following system of
equations:
Trn/di(x) = βi, 1 ≤ i ≤ k, (4.2)
where Trdi/ gcd(di,dj)(βi) = Trdj/ gcd(di,dj)(βj) for any 1 ≤ i < j ≤ k. Then
Eq. (4.2) has exactly qn−λ(d1,...,dk) solutions, where
λ(d1, . . . , dk) =
k∑
i=1
di +
k∑
j=2
(−1)j+1
∑
1≤i1<···<ij≤k
gcd(di1 , . . . , dij ).
Proof. Fix β ∈ Fqn a normal element. Since βi ∈ Fqdi , Corollary 2.7 entails
that there exists unique hi ∈ C(di) such that βi = L xn−1
xdi−1
·hi(x)
(β). Moreover,
an arbitrary element of Fqn is of the form LF (β) with F ∈ C(n). In particular,
since LT (β) = 0 if and only if T (x) ≡ 0 (mod x
n − 1), Eq. (4.2) is equivalent
to the following system of congruences in Fq[x]:
xn − 1
xdi − 1
· F (x) ≡
xn − 1
xdi − 1
· hi(x) (mod x
n − 1), 1 ≤ i ≤ k.
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The previous system is equivalent to
F (x) ≡ hi(x) (mod x
di − 1), 1 ≤ i ≤ k. (4.3)
From hypothesis, Trdi/ gcd(di,dj)(βi) = Trdi/ gcd(di,dj)(βj) for any 1 ≤ i < j ≤ k.
The latter can be rewritten as
hi(x) ≡ hj(x) (mod x
gcd(di,dj) − 1), 1 ≤ i < j ≤ k.
From the previous equalities, the Chinese Remainder Theorem entails that
Eq. (4.3) has exactly one solution F0 ∈ C(deg(L)), where L(x) := lcm(x
d1 −
1, . . . , xdk − 1). Moreover, any other solution is of the form F0(x)+L(x) ·M(x)
with M ∈ Fq[x]. We have seen that L(x) has degree λ(d1, . . . , dk). We recall
that the only restriction on Eq. (4.3) is F ∈ C(n), i.e., M ∈ C(n− deg(L)). The
latter implies that we have exactly qn−λ(d1,...,dk) distinct solutions for Eq. (4.2).
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